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Abstract
Inverse Compensation of Hysteresis using Modified Generalized Prandtl-Ishlinskii
Hysteresis Model
Wenjun Ye
Smart material based actuators, due to their properties of high precision, fast response, high
power density, and small sizes, have become ideal actuators in many industrial applications, i.e.
micro positioning, atomic force microscopy, and so forth. However, these smart actuators exhibit
hysteresis nonlinear effects, which may worsen tracking performances, lead oscillations or even
instabilities. Therefore, the existence of the hysteresis nonlinearities limits the utilization of smart
material based actuators, and became the bottleneck of the control strategies development for sys-
tems with the smart actuators.
In order to overcome the effects of the hysteresis, a number of hysteresis models have been
proposed in the literatures. Among them, the Prandtl-Ishlinskii (PI) model, thanks to its significant
analytical invertible property, has become one of the most popular hysteresis models. Nevertheless,
the PI model can only describe a kind of symmetric, rate-independent, and non-saturated hysteresis,
which restricts the use of PI model. Therefore, it requires to generalize the PI model, making it able
to represent more complicated hysteresis phenomena, while keeping analytically invertible property.
In this thesis, based on the PI model and the Generalized Prandtl-Ishlinskii (GPI) model avail-
able in the literature, a modified Generalized Prandtl-Ishlinskii (mGPI) model is proposed, which
aims to redefine the play operator in the GPI so as to describe a kind of asymmetric and saturated
hysteresis nonlinearities.
According to the proposed mGPI model, an analytical inverse model is also derived, which
can be used as an inverse compensator of the hysteresis nonlinearities. To validated the proposed
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In recent decades, due to the increasing demands of precision of actuators in various industrial
applications, smart material based actuators, because of its excellent performances, such as high
resolution and fast response, smart material becomes an ideal material for high precision actuators.
Unfortunately, the smart material based actuators exhibit hysteresis nonlinearity, a highly nonlinear
effect which is multi-valued, with memory effect, various, and non-smooth [1], as illustrated by Fig.
1.1.
This nonlinearity extremely restricts the utilization of smart material based actuators. Different
from the traditional controller structure, the control system with smart material actuators proceeds
a hysteresis nonlinearity part with the controlled plant. Thus, the hysteresis nonlinearity and con-
trolled plant are coupled together, as shown in Fig. 1.2. Therefore, the output of hysteresis not
measurable, which makes the control more challenging. The embedded hysteresis effect may cause
poor precisions, oscillations, and even instabilities [2].
In order to alleviate the drawbacks caused by hysteresis effect, mathematical models which
can describe the characters of hysteresis nonlinearities become necessary. In [3], some popular
mathematical models of hysteresis nonlinearities were surveyed . The most cited models are Duhem
model [4], Preisach model [5], Krasnoselskii-Pokrovskii (KP) model [6], and Prandtl-Ishlinskii PI
model [7]. Among these models, PI model is only one with analytical inverse property [8]. With this
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Figure 1.1: Hysteresis Nonlinearity
Figure 1.2: Structure of Control System Using Smart Material Based Actuators
significant property, an inverse compensator can be used to eliminate the hysteresis nonlinearity in
control system. Nevertheless, the use of the PI model is highly limited because it can only describe
one type of hysteresis nonlinearities which are symmetric, rate-independent, and non-saturated.
In recent years, generalizing the PI model became a topic of hysteresis research, several works
have been present to extend the application range of the PI model while keeping it invertible prop-
erty. Notably, a generalized Prandtl-Ishlinskii (GPI) model has been proposed in [9], which can
describe a more general class of hysteresis, and its inverse has been proposed in [10]. However, this
GPI model can be seen as cascades of envelop functions and PI models, its application range is still
limited. A modification of GPI model and the derivation of its inverse are requested.
2
1.2 Objective of the Thesis
In order to compensate the hysteresis nonlinearities in the smart material based actuators, a num-
ber of hysteresis models are proposed. They can be classified into two classes: physics-based
models and phenomenological models.
The physic-based models are based on the element physical properties of a particular kind of
materials. They are complicated and can not precisely describe the hysteresis nonlinearities of the
other materials. The phenomenological models, which describe the hysteresis by the input-output
relations, are utilized to characterize the hysteresis. Based on the mathematical tools they use, they
can be categorized into three kinds, differential-equation-based models, operator-based models, and
other models. The differential-equation-based models are also very complicated, whose general
solutions are still not available. Among the operator-based models, the Prandtl-Ishlinskii (PI) model,
because of its analytical invertible property, became one of the most popular hysteresis models.
However, it can only describe a kind of hysteresis. Recent efforts have been paid on generalizing
the PI model, making it able to describe a wider range of hysteresis, while keeping it invertible.
In this thesis, based on the PI model, together with its generalization, some analysis and modifi-
cation will be addressed. The objective of the thesis is to improve the Generalized PI (GPI) model,
making it able to descirbe hysteresis precisely, and also provided the inverse of the modified GPI
model.
1.3 Contributions
This thesis focuses on the modeling and compensation of the hysteresis nonlinearities in con-
trol systems, especially systems with smart material based actuators. In this thesis, based on the
available Prandtl-Ishlinskii (PI) model and the Generalized Prandtl-Ishlinskii (GPI) model in the
literatures, a modified Generalized Prandtl-Ishlinskii (mGPI) model is presented . Subsequently,
an inverse compensator based on the proposed mGPI model is derived and validated. The main
contributions of the thesis are as follows,
• In Chapter 3, the limitations of the PI model and the GPI model are addressed. Based on these
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models, a modified Generalized Prandtl-Ishlinskii (mGPI) model is provided. Compared with
the PI model, the mGPI model can characterize a more general class of the hysteresis non-
linearities. Compared with the GPI model, the mGPI model has several advantages. For
instance, 1) the threshold of the modified generalized play operator is ±r, independent from
the envelop functions γ[v]; 2) the modified generalized play operator can inherit the bounds
of the envelop function, which makes sense when modeling saturated hysteresis; 3) the op-
erators in the GPI model will stop functioning with some envelop functions and threshold,
in contrast, the operators in the proposed mGPI model will always work with any input; 4)
the mGPI model is not simply the cascade of a preprocessing γ[v] and a classical PI model,
which is more useful in hysteresis modeling.
• In Chapter 4, based on the proposed mGPI model, an analytical inverse is derived, which can
be used as an feed-forward compensator of the hysteresis nonlinearities. Subsequently, the
numerical implementation methods are provided. Following these steps, the parameters of
the proposed inverse compensator can be calculated.
• In Chapter 5, to validate the proposed inverse compensator, simulation results are provided.
An identity function, a linear function, and a nonlinear function are chosen, respectively, as
the envelop functions, to generate the mGPI model. The inverse compensator are constructed
accordingly. Illustrated by the simulation results, the proposed model can precisely describe
the hysteresis nonlinearities and the derived inverse compensator can effectively cancel the
nonlinear effects caused by hysteresis.
1.4 Organization of the Thesis
The thesis consists of 6 chapters including the introductions Chapter 1. The topics of rest chapters
are as follows.
Chapter 2: A literature review of hysteresis, and existing control approach dealing with hysteresis
nonlinearities will be presented.
Chapter 3: A detailed review of the PI model, its hysteresis operators, and the GPI model will be
4
provided. Subsequently, a modified GPI (mGPI) model will be proposed, which can describe
a larger class of hysteresis effects.
Chapter 4: The analytical inverse of the proposed mGPI model will be derived, which can be used
as the inverse compensator of the mGPI model. The numerical implementation method of the
proposed inverse model will be provided.
Chapter 5: The proposed mGPI model and its inverse compensator will be simulated with different
kinds of envelop functions. The effectiveness of the model and the compensator will be
validated by the simulation results.




In this chapter, an comprehensive literature review of hysteresis phenomenon, hysteresis models,
and the control approaches will be provided.
2.1 Hysteresis Nonlinearity
Hysteresis effects widely exist in many in areas. Mathematician I. D. Mayergoyz provides math-
ematical description of hysteresis in [3]. One popular scientific definition of the hysteresis is intro-
duced by the Scottish physicist, Alfred Ewing [6], as follows,
Hysteresis: When there are two quantitiesM andN , such that cyclic variations ofN cause cyclic
variation of M , then if the changes of M lag behind those of N , we may say that there is hysteresis
in the relation of M and N .
Generally, when speaking hysteresis, it also requires the nonlinear behaviors with the following
essential properties.
Multivalued: With the same input signal, the output of the system may be various, and vice
versa.
Wiping Out: The wiping out property is that the ouput of the hysteresis is only related to the
current input and the history of the output, while all other inputs are wiped out.
6
Congruent Minor Loop: The congruent minor loop property means that the minor loops
caused by the same input need to be congruent.
Above properties can be observed from the Fig. 2.1.
Figure 2.1: A Typical hysteresis behavior under input v(t) = 10sin(2pit)/(1 + 0.1t), t ∈ [0, 10],
with properties of multivalued, wiping out, and congruent minor loop.
2.2 Hysteresis Models
Hysteresis nonlinearities widely exist in smart material based actuators. These nonlinear effects
have become the bottleneck of controller designs, because the nonlinearity is coupled with con-
trolled plant, making the outputs of the nonlinearities not measurable. In order to alleviate the
drawbacks of the hysteresis nonlinearities, hysteresis models are requested.
According to references, the proposed hysteresis models can be classified into two types, physics-
based models and phenomenological models [11]. The physics-based models are developed on
physical phenomena and principles. These models include JilesAtherton (J-A) model [12], domain
wall model [13], and so forth. The phenomenological models, in contrast, are proposed to de-
scribe the hysteresis nonlinearities phenomena without providing detailed physical principles. The
phenomenological models can classified into differential-equation-based models, operator-based
7
models, and other models, depend on their related mathematical tools. Fig. 2.2 describes the classi-
fications of hysteresis models.
Figure 2.2: Category of hysteresis models
2.2.1 Physics-based Models
The physics-based models are built on physical phenomena and first principles. The JilesAtherton
(J-A) model [12] is one of the most famous physics-based hysteresis models. It is based on the
physical properties of ferromagnetic hysteresis. The J-A model is widely used in ferromagnetic
hysteresis modeling, thanks to its ability to describe main features of hysteresis nonlinearities of
ferromagnetic materials. Another famous physics-based hysteresis model is domain wall model
[13]. The domain wall model is used to describe the piezoelectric actuator hysteresis nonlinearities
with an ordinary differential equation.
However, these physics-based models are normally very complicated, because these models
concern so many physical details. Besides, these models are material- specific, which means a
model developed on one material can hardly be used on another kind of materials. Thus, the indus-
trial applications of physics-based models are quite limited.
2.2.2 Phenomenological Models
The phenomenological models, in contrast to the physics-based models, are proposed to describe
the hysteresis nonlinearities phenomena without introducing detailed physical meanings. As il-
lustrated in Fig. 2.3, the phenomenological hysteresis models can be classified into 3 classes,
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differential-equation-based models, operator-based models, and other hysteresis models, based on
the mathematical tools used in models.
Figure 2.3: Category of phenomenological hysteresis models
Differential-equation-based Models: The differential-equation-based models present the hys-
teresis nonlinearities description with differential equations [14]. The most popular differential-
equation-based hysteresis models are Duhem model, Bouc-Wen model, and Backlash-like model.
Duhem Model: The Duhem model was proposed to describe the magnetic hysteresis nonlin-
earities [15], by depicting the hysteresis effect of a mass-spring-damper system. It can also present
hysteresis of other smart materials. In Duhem model, the input v and output w of hysteresis can be
described as [15]:









f1 and f2 are the shape functions related to both input and output of hysteresis.
Bouc-Wen model: Bouc-Wen model is a semi-physical model based on Duhem model(1). It
was proposed by Bouc and later generalized by Wen [16]. In Bouc-Wen model, the hysteresis input
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v and output w are presented as:
w˙ = Av˙ − βv˙|w|n − α|v˙||w|n−1w (3)
where A, α, and β are shape parameters [17].






|g(v, w) = bdv
dt
(4)
On the basis of simplified Duhem model (4), a backlash-like model was proposed [18], describing





|[cv − w] +B1dv
dt
(5)
where α, c and B1 are shape parameters. In [18], an explicit solution was provided as,
w(t) = cv(t) + d(v(t)) (6)
With this model, traditional robost controller can be used to compensate the hysteresis nonlinearities
without building the hysteresis inverse.
In conclusion, with differential-equation-based models, the hysteresis nonlinearities can be pre-
sented in a first-order differential equation. However, it is hard to get the analytical solution of these
equations, the inverse compensator of hysteresis nonlinearities based on differential-equation-based
hysteresis models is still not available.
Operator-based models: Operator-based hysteresis models are a kind of models describing hys-
teresis nonlinearities with the integral of hysteresis operators [6]. Currently, they are the most
popular hysteresis models in industrial applications, especially in smart material actuators. Based
on the hysteresis operators utilized, the operator-based models include the Preisach model [5],
Krasnoselskii-Pokrovskii (KP) model [6], and Prandtl-Ishlinskii PI model [7].
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Preisach Model: The Preisach model is a hysteresis model based on relay operator. As de-
picted in Fig.2.4, the relay operator γˆαβ[v(t)] is characterized by two threshold α > β and two
outputs +1 and −1. The output w(t) keeps constant until the input value v(t) crosses the threshold
α from below or β from above.
Figure 2.4: Relay Operator
The Preisach model describes hysteresis as [6],




whereµ(α, β) is called the weight function or the density function, as Fig. 2.5 shows.
Figure 2.5: Preisach Model
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Due to the double integral, both the parameter identification and the inverse construction are
very difficult. Besides, the control signal v is included in the integral, which makes the controller
design become challenge.
Krasnoselskii-Pokrovskii (KP) Model: Similar to Preisach model, Krasnoselskii-Pokrovskii
(KP) model is a hysteresis model based on the KP operator kp[v, ξ(ρ)], which can be treated as a
generalization of relay operator [6]. As illustrated by Fig. 2.6, KP model is also the double integral
of related KP operator,
w(t) = Λ[v](t) =
∫ ∫
ρ2≥ρ1
µ(ρ2, ρ1)kp[v, ξ(ρ)](t)dρ2dρ1 (8)
where µ(ρ2, ρ1) is the density function, ρ = (ρ2, ρ1). Due to the similar structure of Preisach model,
KP model is also with the characteristics of non-invertible, control signal included in integral, and
so forth.
Figure 2.6: Krasnoselskii-Pokrovskii (KP) model
Prandtl-Ishlinskii PI Model: Prandtl-Ishlinskii PI model is developed by introducing play
operator Fr[v](t) or stop operator Er[v](t) [15] [19]. Using play operator as an example, as illus-
trated by Fig. 2.7, the output of play operator can be defined as,

w(0) = Fr[v](0) = fr(v(0), 0)




fr(v, w) = max{v − r,min{v + r, w}} (10)
where 0 = t0 < t1 < . . . < tN = tE is a partition of [0, tE ] such that the function v is monotone
on each of the subintervals [ti, ti+1] in [7].
Figure 2.7: Play operator and stop operator
Thus the Play-operator-based PI model is presented as,




where p(r) is the density function and p0 is a positive parameter.
A critical advantage of the PI model is that by avoiding the non-differentiable relay operator, the
PI model is invertible. In [8], Krejci provided an analytical inverse of the PI model. However, the
PI model can only describe a kind of symmetrical and rate-independent hysteresis, current research
topics are generalizing the PI model, making it able to describe a more complicated hysteresis while
keeping invertible. Since this thesis is dealing with the modified generalized PI model, the detailed
properties of the PI model and its generalization will be discussed in the next chapter.
Other Hysteresis Models: Besides the differential-equation-based models and the operator-based
models, there are some other phenomenological hysteresis models. Most of these models predict
the hysteresis nonlinearities behaviors using intelligent algorithms such as, Neural Network [20]
and Support Vector Machine [21]. These models can describe the hysteresis behaviors in some
specific fields without using first order differential equations or hysteresis operators, but they are
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not as popular as the differential-equation-based models and the operator-based models.
2.3 Compensation of Hysteresis Nonlinearities
Over the past decades, smart material based actuators have widely been used in industrial areas,
especially micro-position applications, due to their high precision, fast response, high power density,
and small size. However, these smart materials are with a highly nonlinear effect, hysteresis.
This effect becomes the critical limitation of the utilization of smart material based actuators.
As illustrated by Fig. 1.2, the hysteresis nonlinearity and the controlled plant are coupled together,
making the output of hysteresis not measurable. In this case, traditional controller can not be directly
applied on these systems, or the embedded hysteresis nonlinearities may cause poor precisions,
oscillations, and even instabilities [2], as shown in Fig. 2.8.
Figure 2.8: Hysteresis nonlinearities limits the controller performance
Therefore, effective approaches to compensate the hysteresis nonlinearities are extremely de-
sired. Existing control approaches treating the hysteresis can be classified into two classes, the
inverse-model-based control methods and the direct control methods.
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2.3.1 Inverse-model-based Control Methods
The most popular methods to compensate the hysteresis nonlinearities is the inverse-model-based
control methods. By constructing the inverse model of hysteresis, the influences of the hysteresis
nonlinearities can be reduced or mitigated. After this compensation (cancellation), the traditional
control approaches can be utilized for the controller designs. This kind of methods was adopted by
Tao and Kokotovic in [2].
Figure 2.9: Invert-model-based control methods
As depicted by Fig.2.9, an inverse hysteresis model is cascaded between the traditional con-
troller and the hysteresis part. The actual output of the controller u(t) = H−1[vc](t). Because
the smart material based actuators are with the hysteresis effect, the output of the actuator v(t) =
H[u](t). Thus, if a precise inverse hysteresis model H−1 is available, the output of the actuators is
v(t) = H[u](t) = H ◦H−1[vc](t) = vc(t). In this way, we can precisely control the output of the
actuators v(t), which makes traditional controller effective for the systems with hysteresis.
Inspired by Tao and Kokotovic’s work, considerable inverse-model-based hysteresis control
methods have been proposed. The main topics of these researches are how to construct mathemati-
cally the inverse of these hysteresis models.
Differential-equation-based Models: When the hysteresis is presented by differential-equation-
based models, for instance, the Duhem model, the Bouc-Wen model and the Backlash-like model,
because of the complexity of the models and the unknown of the equation solutions, the construction
of the inverse models is extremely difficult or even impossible. Therefore, among those hysteresis
models discussed in Section 2.2, construction of inverse hysteresis models is mainly for operator-
based models, such as the Preisach and PI models.
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Operator-based Models: It is mentioned that there is no analytical inverse for the Preisach model
and the KP model. Therefore, approximate inverse of Preisach model by numerical methods are
adopted by researchers.
(1) In [22], based on the Preisach model, Ge and Journeh presented a computer-based tracking
control approach for a piezoceramic actuator.
(2) In [23], Tan and Baras proposed a parameter identification methods for Preisach model and
related inverse control approach.
(3) In [24], Song et al. derived a numerical inverse Preisach model, and achieved tracking control
of a Piezoceramic Actuator.
(4) In [25], Iyer et al. introduced the concept of regularization to study the properties of ap-
proximate inverse schemes for the Preisach operator. Then, presented the fixed point and
closest-match algorithms for approximately inverting the Preisach operator.
Varying from the Preisach mode and KP model, the PI model is analytical invertible. In [8],
Kerjci and Kuhnen provided the the analytical inverse. With this significant advantage, considerable
research works have been done to extend the PI model, making the extension able to describe more
complex hysteresis, while keeping the property of invertibility.
(1) In [26], Gu et al. developed a modified PI model to describe a kind of asymmetric hysteresis,
while still utilizes the classical play operator as the elementary operator. The related inverse
compensator was provided and validated.
(2) Janaideh et al. proposed a Generalized PI model which can describe a kind of asymmetric
and saturated input-output hysteresis in [9].
(3) In [10], Janaideh et al. provided and validated the inverse compensator of the Generalized PI
model above.
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2.3.2 Direct Control Mehtods
As mentioned above, because of the complexities of hysteresis nonlinearities and its related
models, inverse-model-based control methods met with a lot of challenges. Therefore, besides
the inverse-model-based control methods, some researchers also introduced direct control methods
against hysteresis nonlinearities. These methods do not need hysteresis inverse model necessarily,
which is their significant advantage. Some popular direct control methods are as follows,
(1) Robost Adaptive Control Mehods: In [27], Su et al. proposed an adaptive variable struc-
ture control approach, which can achieve a precise trajectory tracking without necessarily
constructing a hysteresis inverse.
(2) Optimal Control Methods: In [28], Mayergoyz firstly proposed the optimal control methods
in systems with hysteresis. Motivated by his work, Bagagiolo proposed an optimal control
method based on the properties of the PI model in [29], Oates and Smith employed optimal
theory using a homogenized energy framework in [30], and so forth.
(3) Sliding Mode Control Methods: Based on the assumption that hysteresis loop is bounded,
sliding mode control methods are also employed by researches to deal with systems with
hysteresis, i.e. [31]. However, because of ignoring the details and properties of hysteresis





Smart material based actuators exhibit a highly nonlinear effect, hysteresis. This effect will limit
the utilization of smart material based actuators, may cause poor precision, oscillation, or even
instability. In order to overcome this annoying nonlinear effect, hysteresis models are highly desired.
The PI model, due to its significant property of owning the analytical inverse, became the most
popular hysteresis model.
In this chapter, two types of hysteresis operator employed by the PI model, play operator and
stop operator, will be introduced firstly. Subsequently, the detailed properties of the PI model and
Generalized PI model will be provided. Finally, a Modified Generalized PI model will be proposed
and compared with the models above.
3.1 Play Operator and Stop Operator
The Prandtl-Ishlinskii (PI) model is an operator-based hysteresis model. Operator-based hystere-
sis models are kinds of models with an integral of weighed elementary hysteresis operators. The
elementary hysteresis operators PI model uses are the play operator and the stop operator.
3.1.1 The Play Operator
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Figure 3.1: Play between cylinder and piston with one DOF
As an example, the play operator can be considered as a relationship between two mechanical
elements, a cylinder and a piston, in one Degree of Freedom (DOF), as illustrated by Fig. 3.1. The
position of the moving piston v(t) is the input, and the position of the cylinder w(t) is the output.
The output w(t) remains constant when the input v(t) moves in the interior, and it will change as
w˙(t) = v˙(t) when the piston v(t) hits the boundary of the cylinder±r. 2r denotes the length of the
cylinder, which is called the threshold of the play operator.
Thus, for r ≥ 0, the play operator w(t) = Fr[v](t) can be defined as
w(0) = Fr[v](0) = fr(v(0), 0)
w(t) = Fr[v](t) = fr(v(t), w(ti)), for ti < t ≤ ti+1, 0 ≤ i ≤ N − 1
(12)
with
fr(v, w) = max{v − r,min{v + r, w}} (13)
where 0 = t0 < t1 < . . . < tN = tE is a partition of [0, tE ] such that the function v is monotone
on each of the subintervals [ti, ti+1] in [7]. The input-output relationship is depicted in Fig. 3.2.
Some of the key properties of the play operator can be described as follows:
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Figure 3.2: Behavior of play operator
• Lipschitz-continuity. Different from the relay operator, for a given input v(t), the play opera-
tor is Lipschitz-continues [6].
• Rate-independence. The play operator meet the definition of a rate-independent function in
[6],
Fr[v ◦ φ] = Fr[v] ◦ φ (14)
where φ is an admissible time transformation, i.e. a continuous increasing function φ :
[0, tE ]→ [0, tE ] satisfying φ(0) = 0 and φ(tE) = tE .
• Counter-clockwise. As shown in Fig. 3.2, the input-output trajectory of the play operator is
counter-clockwise.
3.1.2 The Stop Operator
Similarly, the stop operator can also be considered as a relationship between two mechanical
elements, a rod and a piston, in one Degree of Freedom (DOF), as illustrated by Fig. 3.3. The
position of the moving rod v(t) is the input, and the position fo the piston w(t) is the output. It
is assumed that the piston moves together with the rod, w˙(t) = v˙(t), until the piston w(t) hits the
boundary of the cylinder ±r. The output position of the piston w(t) remains constant when the
position of the rod v(t) goes away from the cylinder.
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Figure 3.3: Stop between rod and piston with one DOF
Then, for r ≥ 0, the stop operator w(t) = Er[v](t) can be defined as

w(0) = Er[v](0) = er(v(0), 0)
w(t) = Er[v](t) = er(v(t)− v(ti) + w(ti)), for ti < t ≤ ti+1, 0 ≤ i ≤ N − 1
(15)
with
er(v) = min{r,max{−r, v}} (16)
where 0 = t0 < t1 < . . . < tN = tE is a partition of [0, tE ] such that the function v is monotone
on each of the subintervals [ti, ti+1] in [7]. The input-output relationship of the stop operator is
illustrated in Fig. 3.2.
Because the input-ouput relation ship is similar to the stress-strain relationship, the stop operator
is also called one-dimentional elastic-plastic element in some references, i.e. [7].
Some of the key properties of the stop operator can be described as follows:
• Lipschitz-continuity. Similar to the play operator, for a given input v(t), the stop operator is
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Figure 3.4: Behavior of stop operator (one-dimentional elastic-plastic element)
Lipschitz-continues [6].
• Rate-independence. The stop operator meet the definition of a rate-independent function in
[6],
Er[v ◦ φ] = Er[v] ◦ φ (17)
where φ is an admissible time transformation, i.e. a continuous increasing function φ :
[0, tE ]→ [0, tE ] satisfying φ(0) = 0 and φ(tE) = tE .
• Clockwise. As shown in Fig. 3.4, the input-output trajectory of the stop operator is counter-
clockwise.
3.2 Prandtl-Ishlinskii (PI) model
Because the play operator and the stop operator share similar properties, the following of the
thesis is focused on the play-operator-based Prandtl-Ishlinskii (PI) model and its generalization.
As mentioned in Section 2.2, the Prandtl-Ishlinskii (PI) model is an operator-based phenomeno-
logical hysteresis model. The Play-operator-based PI model is expressed as [7]
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where p(r) is the density function and p0 is a positive parameter. Because p(r) vanished when r is
sufficiently large, a threshold R is chosen as the upper limit of the integral [27].
As an illustration, in Fig. 3.5, the input-output relationship of a PI model with p0 = 1 and
p(r) = e−0.001r is provided, with initial value w(0) = 0.
Figure 3.5: Input-ouput relationship of PI model
3.3 Generalized Prandtl-Ishlinskii (GPI) Model
Although the Prandtl-Ishlinskii (PI) model is widely used in hysteresis nonlinearities modeling,
according to the descriptions in the previous section, it can only represent a certain kind of sym-
metric, rate-independt, and non-saturated hysteresis. In order to overcome the limitation of the
PI model, in [9], a Generalized PrandtlIshlinskii (GPI) model was proposed. Compared with the
classical PI model, the proposed GPI model can describe the asymmetric or saturated hysteresis
nonlinearities more effectively. Different from the classical PI model, the GPI model is based on
the generalized play operator instead of the traditional play operator.
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3.3.1 Generalized Play Operator
(a) classical play operator (b) generalized play operator
Figure 3.6: Input-output relationships of classical and generalized play operator
As depicted in Fig. 3.6, unlike the classical play operator, the output w(t) increases or decreases
with the input v(t) along the curves, γl and γr, which are called the envelop functions, instead of
two straight lines. Therefore, the generalized play operator can describe more classes of hysteresis
shapes with the multiple choices of the envelop functions.
For any input v(t) ∈ Cm[0, tE ], where Cm denotes piecewise monotone functions space, such
that the function v is monotone on each of the subintervals [ti, ti+1] for any 0 = t0 < t1 < . . . <
tN = tE is a partition of [0, tE ] [7], the generalized play operator F
γ
lr can be analytically defined as
[9],

F γlr[v](0) = f
γ
lr(v(0), 0) = w(0)





fγlr(v, w) = max{γl(v)− r,min{γr(v) + r, w}} (20)
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(a) classical play operator
(b) generalized play operator
Figure 3.7: Input-output relationships under v(t) = 10sin(t)with different threshold r (a) Classical
operator; (b) Generalized operator with γl[v] = 5tanh(0.25v), γr[v] = 5tanh(0.5v)
As an illustration, Fig. 3.7 depicts the input-output relationships of the classical operator and
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the asymmetric generalized play operator. In 3.7(b), the proposed generalized play operator can
characterize a kind of asymmetric hysteresis behaviors.
3.3.2 Generalized Prandtl-Ishlinskii (GPI) Model
In [9], the proposed Generalized Prandtl-Ishlinskii (GPI) model is the weighted superposition of
the generalized play operators. Analytically, the GPI model is defined as,




where H is a non-decreasing Lipschitz continuous function, p(r) is the density function. Because
the generalized play operator F γlr[v](t) is Lipschitz-continues, the GPI model Πg[v](t) is Lipschitz-
continues for any given input v(t) ∈ Cm[0, tE ]. With the multiple choices of envelop functions,
the GPI model can represent a more general kind of hysteresis shapes. For the same input v(t) =
tsin(2pit), Fig. 3.8 and Fig. 3.9 show the input-output properties of each model and their related
element hysteresis operators.
(a) hysteresis behavior (b) operator behavior
Figure 3.8: Input-output relationships under v(t) = tsin(2pit) of classical PI model
From the diagram of the input-output relationship of the GPI model and the behavior of the
generalized play operator, there are some observations of the GPI model.
(1) In the generalized play operator, the threshold of the operator is no longer r. From the initial
status w = 0, the output of the operator keeps constant until the input signal v(t) crosses
γl[v](t)− r = 0 or γr[v](t) + r = 0, which makes the new threshold of the operator γ−1l (r)
and γ−1r (−r). In this case, the threshold of the operator is also related to the envelop functions
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(a) Hysteresis behavior (b) Operator behavior
Figure 3.9: Input-output relationships under v(t) = tsin(2pit) of GPI model with evnelop functions
γl[v] = 5tanh(0.25v) and γr[v] = 5tanh(0.5v)
γ[v], which may cause different meaning in threshold.
(2) With the definition fγlr(v, w) = max{γl(v) − r,min{γr(v) + r, w}}, the boundaries of the
generalized play operator are the envelop functions γ[v] translated along y/w(t) axis, but
not along x/v(t) axis. With this property, some characters of the envelop functions will be
lost. For example, in Fig. 3.7(b), the envelop functions γl[v] = 5tanh(0.25v) and γr[v] =
5tanh(0.5v) are bounded between ±5 which may be useful to present a kind of saturated
hysteresis. Nevertheless, with generalized play operator, this property become harder to be
used, or even lost.
(3) Compared with the classical PI model, the GPI model replaced the input signals v(t) with
the γ[v](t), which may be regarded as a cascade of the preprocessing function γ[v] and the
classical PI model, as Fig. 3.10.
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Figure 3.10: The GPI model can be regarded as the cascade of the preprocessing γ[v](t) and the
classical PI model
3.4 Modified Generalized Prandtl-Ishlinskii (mGPI) Model
With the above observations, the GPI may need to be further modified or re-defined to overcome
above limits. Based on the discussions of the GPI model in the previous section, the modified
Generalized Prandtl-Ishlinskii (mGPI) Model is proposed as follows.
3.4.1 Modified Generalized Play Operator
Analytically, the modified generalized play operator for any input v(t) ∈ CE [0, tE ] and threshold
r is defined as

F γmr[v](0) = f
γ
mr(v(0), 0) = w(0)





fγmr(v, w) = max{γl(v − r),min{γr(v + r), w}} (23)
for ti < t ≤ ti+1 and 0 ≤ i ≤ N − 1.
Some of the key properties of the modified generalized play operator are as follows,
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Figure 3.11: Input-output relationship of the modified generalized play operator
• Lipschitz-continuity. Like the generalized play operator [9], for a given input v(t), Lipschitz-
continuity of the modified generalized play operator can be ensured if the functions γl and γr
are Lipschitz continuous.
• Rate-independence. The modified generalized play operator F γmr[v] is a rate-independent
hysteresis operator, based on the definition in [7],
F γmr[v] ◦ φ = F γmr[v ◦ φ] (24)
• Counter-clockwise. As Fig. 3.11 shows, the input-output trajectory of the modified general-
ized play operator is counter-clockwise.
As illustrated in Fig. 3.11, it is important to note that the hysteresis shape of the modified
generalized play operator is bounded by the two strictly increasing envelop functions γl(v − r)
and γr(v + r). Thus, the threshold of the modified generalized play operator are the solutions of
γl(v − r) = 0 and γr(v + r) = 0, which are γ−1l + r and γ−1r − r. If γ(0) = 0 is chosen, the
threshold of the modified generalized play operator is ±r. Besides, the boundaries of the modified
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Figure 3.12: Input-ouput relationship of the modified generalized play operator with different
threshold r, with γl[v] = γr[v] = 5tanh(0.5v(t))
generalized play operator are the envelop functions γ[v] translated along the g x/v(t) axis, keeping
the same shape and boundaries of the envelop functions γ[v]. These properties makes the modified
generalized play operator a potential better choice to describe hysteresis behaviors.
3.4.2 Modified Generalized Prandtl-Ishlinskii (mGPI) Model
Similar to the GPI model Πg[v](t), the mGPI Πm[v](t) model is defined as the weighted integral
of the modified generalized play operator F γmr[v],






where p0 is a positive constant, F
γ
m0[v](t) denotes a modified generalized play operator F
γ
mr[v](t)
with r = 0, p(r) is the density function. The mGPI model Πm[v](t) is Lipschitz-continues for




In this subsection, some examples of representing hysteresis nonlinearities using the proposed
mGPI model are provided with different envelop functions. The input signals are v(t) = 6sin(pit)+
4cos(3.3pit);, t ∈ [0, 10]. For the mGPI model, p0 = 1 and p(r) = e−0.1r. Input-output relation-
ships of the mGPI model with different envelop functions are shown in Table 3.1.
Table 3.1: Examples of the mGPI model with different envelop functions.
Fig. 3.13 γl[v] = γr[v] = v
Fig. 3.14 γl[v] = γr[v] = 3v
Fig. 3.15 γl[v] = γr[v] = tanh(0.5v)
Fig. 3.16 γl[v] = 20tanh(0.1v + 0.2) and γr[v] =
20tanh(0.2v + 0.1)
In the 4 sets of envelop functions chosen, the first set of envelop functions are the identity
functions γ[v] = v. In this case, the mGPI model will become the classical PI model. As shown
in Fig. 3.13, the mGPI model with γ[v] = v performs as the classical PI model. The second
set of envelop functions employed are the linear functions γ[v] = 3v. As depicted in Fig. 3.14,
hysteresis performs similar to the classical PI model. The third set of envelop functions used are
the nonlinear functions γ[v] = tanh(0.5v). As shown in Fig. 3.15, the mGPI model with these
nonlinear envelop functions can describe a different kind of hysteresis nonlinearities. In the forth
set, the asymmetric envelop functions γl[v] = 20tanh(0.1v+0.2) and γr[v] = 20tanh(0.2v+0.1)
are utilized. In Fig. 3.16, the figure illustrates that the mGPI model can characterize asymmetric
hysteresis nonlinearities with asymmetric envelop functions.
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(a) modified GPI model
(b) modified generalized play operator
Figure 3.13: Examples with γl[v] = γr[v] = v
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(a) modified GPI model
(b) modified generalized play operator
Figure 3.14: Examples with γl[v] = γr[v] = 3v
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(a) modified GPI model
(b) modified generalized play operator
Figure 3.15: Examples with γl[v] = γr[v] = tanh(0.5v)
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(a) modified GPI model
(b) modified generalized play operator
Figure 3.16: Examples with γl[v] = 20tanh(0.1v + 0.2) and γr[v] = 20tanh(0.2v + 0.1)
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3.5 Comparison of mGPI Model with classical PI model and GPI Model
In this section, the proposed mGPI model Πm[v] will be compared with the classical PI model
Π[v] and the available GPI model Πg[v]. As outlined in the previous sections, these models can be
written as

Π[v](t) = p0v(t) +
∫ R
0 p(r)Fr[v](t)dr
fr(v, w) = max{v − r,min{v + r, w}}
(26)
















fγmr(v, w) = max{γl(v − r),min{γr(v + r), w}}
(28)
To compare the differences of the models themselves, the parameters of these models are set the
same. R = 10, p0 = 1, and pr = e−0.1r are selected for all the models. For the GPI model and
the mGPI model, yl = 10tanh(0.2r) and yr = 10tanh(0.1r) are set as the envelop functions. All
the following simulations in this section are with the input v(t) = 10sin(2pit) + t, t ∈ [0, 10]. The
input-output relationships and the behaviors of the related operators are shown in Figs. 3.17 - 3.19,












Figure 3.19: mGPI Model
From these figures, some of the observations of the proposed mGPI model are discussed as
follows,
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(1) Both the GPI model and the proposed mGPI model can describe a kind of asymmetric hys-
teresis nonlinearities with γl 6= γr. While the classical PI model, can only describe symmetric
hysteresis behaviors.
(2) As shown in Fig. 3.18(a) and Fig. 3.19(a), with the same input, same density functions,
and same envelop functions, the proposed mGPI model and the available GPI model lead to
two hysteresis loops with different shapes and output magnitudes, which implies the different
definitions of the operators result in different descriptions of the hysteresis. It explains why
the proposed mGPI model is needed.
(3) In the classical PI model, the threshold of each operator is the parameter r, as shown in the
intersection points of the trajectory of the operators and the x axis in Fig. 3.17(b). However,
in the GPI model, the threshold is no longer r of each operators. As discussed in Section
3.3, it is related to the envelop functions γ[v]. In the proposed mGPI model, as shown in Fig.
3.19(b), though the boundaries of the operators are asymmetric curves, the threshold of each
operator is still ±r. It can be said that the mGPI model keeps the original meaning of the
threshold r.
(4) To characterize the saturated hysteresis nonlinearities, the bounded envelop functions γ[v]
are employed. For example, yl = 10tanh(0.2r) and yr = 10tanh(0.1r), which are bounded
between ±10, are applied in the simulations in this section. In the GPI model, the boundaries
of the generalized play operator are the envelop functions γ[v] translated along y/w(t) axis.
Thus, the bounds of the operators vary with different r. In the mGPI model, the boundaries
of the operators are the envelop functions γ[v] translated along x/v(t) axis. As shown in
Fig. 3.19(b), the upper bounds of all the operators ar 10. In this case, the upper bound of the
hysteresis output can be easily calculated as




where U = 10 is the upper bound of the modified generalized play operator. Since R = 10,
p0 = 1, and pr = e−0.1r are used in this section, the upper bound of the output of the mGPI
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model can be easily calculated as 10(1 + 10 − 10e−1) ≈ 73.2, which is the same as shown
in Fig.3.19(a). In the GPI model, due to the bounds of the operators vary, the bounds of the
hysteresis output can not be determined easily, leading to the difficulty for the description of
the required bounds.
(5) In Fig. 3.18(b), the behavior of the generalized play operator with r = 10, which is shown
in the yellow line, keeps constant zero. Because the right (lower) boundary of the operator
is 10tanh(0.2r) − 10 < 0 and the left (upper) boundary 10tanh(0.1r) + 10 > 0 for any
input r, this operator will not function any more. This issue is alleviated because the density
function p(r) generally chosen as an exponential function with minus r. Thus, for a large r,
p(r), which is multiplied with the operators, becomes small enough to be ignored. However,
in a good hysteresis model, the operator should always work.
3.6 Summary
In this chapter, the classical Prandtl-Ishlinskii (PI) model and the Generalized Prandtl-Ishlinskii
(GPI) model are reviewed. Subsequently, a modified Generalized Prandtl-Ishlinskii (mGPI) model
is proposed. Several simulations are demonstrated to validate the effectiveness of the proposed
model and its related modified generalized play operator.
Compared with the GPI model, the proposed mGPI model is with following advantages in
describing the hysteresis nonlinearities.
(1) The threshold of the proposed modified generalized play operator is ±r, if the envelop func-
tions γl and γr satisfying γ(0) = 0, while the new thresholds of the generalized play operator
are γ−1l (r) and γ
−1
r (−r). In this case, threshold of the proposed operator is independent from
the envelop functions, which keeps the initial definition and the property of the threshold ±r.
Therefore, other research results about the element hysteresis operator can be applied to the
proposed modified generalized play operator easier.
(2) Different from the generalized play operator, the boundaries of the modified generalized play
operator are the envelop functions γ[v] translated along x/v(t) axis, but not along y/w(t)
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axis. Consequently, properties of the envelop functions will not be lost. For example, in Fig.
3.15, the envelop functions γ[v] = tanh(0.5v) is bounded between ±5, which is inherited
by the modified generalized play operator. This may be useful to present a kind of saturated
hysteresis.
(3) The mGPI model is not a directly cascade of the classical PI model with the preprocessing
part γ[v](t), which can be useful in describing a more complicated hysteresis.
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Chapter 4
Analytical Inverse of the Modified
Generalized Prandtl-Ishlinskii (mGPI)
Model
The controller development for systems with hysteresis nonlinearities is challenging, because the
hysteresis effect usually worsen control performances, lead oscillations or even instabilities. One
popular strategy for hysteresis controller designs is the inverse-model-based control method, which
is depicted in Subsection 2.3.1. Unlike the Preisach model and the KP model, the PI model is
analytical invertible, which is useful in inverse compensation [8].
However, according to the definition, the PI model can only describe a class of symmetric and
non-saturated hysteresis, recent researches focused on generalizing the PI model, making it able to
describe a more complicated kind of hysteresis, while keeping invertibility property. In Section 3.3,
a Generalized PrandtlIshlinskii (GPI) model from the literature [9] was introduced, whose analytical
inverse has been provided in [10]. To overcome the the limitations of the GPI model, in Section 3.4,
a modified Generalized Prandtl-Ishlinskii (mGPI) model was proposed.
In this chapter, an analytical inverse of the proposed modified Generalized Prandtl-Ishlinskii
(mGPI) model will be derived, which can be used as an inverse compensator of the hysteresis
nonlinearities. Subsequently, the numerical implementation method of the proposed inverse model
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will be provided.
4.1 Initial Loading Curve
In [7], the inverse of the classical PI model is derived with the help of the initial loading curve.
The initial loading curve is used as alternative description of the Prandtl-Ishlinskii model. It is an
essential tool for the derivation of the inverse of the proposed mGPI model. Consequently, it is
necessary to introduce the initial loading curve.
4.1.1 Initial Loading Curve for Classical PI model
The initial loading curve refers to an input-output relation, generated by the input increasing from
zero to the final value. For the PI model, the initial loading curve can be represented by,
φ(r) = p0r +
∫ r
0
p(θ)(r − θ)dθ (30)




p(r) = φ′′(r) (32)
Thus, the PI model can be presented using initial loading curve as parameters as follows,









As an example, a hysteresis represented by PI model is as follows,





whose input-output relation is shown in Fig. 4.1. According to the definition of the initial loading












= r + 10r − 100 + 100e−0.1r
= 11r − 100 + 100e−0.1r
(35)
As a validation, the initial loading curve from simulation result and the derived loading curve
are shown in Fig. 4.2. It can be observed that these two curves are the same.
Figure 4.1: input-output relation of (34) with v(t) = 10sin(2pit)/(1 + 0.1t), t ∈ [0, 10]
4.1.2 Initial Loading Curve for mGPI Model
Similar to the initial loading curve of the classical PI model (30), concerning the mGPI model







Figure 4.2: The simulated and the derived loading curve
The loading curve of the mGPI model can be expressed as,
φ(r) = p0γ(r) +
∫ r
0
p(θ)γ(r − θ)dθ (37)
It can be observed that when the envelop function γ[v] is chosen the linear function γ[v] = v,
the loading curve of the mGPI model (37) transform into (30), since the mGPI model become the
classical PI model.
Theorem 1 (Leibniz Integral Rule) Let f(x, t) be a function such that the partial derivative of f












dx+ f (b(t), t) · b′(t)− f (a(t), t) · a′(t) (38)
With the Theorem 1, the derivative of the loading curve of the mGPI model (37) can be expressed
as,
φ′(r) = p0γ′(r) +
∫ r
0
p(θ)γ′(r − θ)dθ + p(r)γ(0) (39)
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If γ(0) = 0 is chosen for the envelop functions, the derivative of the loading curve (39) can be
written as,
φ′(r) = p0γ′(r) +
∫ r
0
p(θ)γ′(r − θ)dθ (40)
4.2 Analytical Inverse of the modified Generalized Prandtl-Ishlinskii
(mGPI) Model
In [7], the inverse of the classical PI model is provided, based on the strategy that the initial
loading curve of the hysteresis model φ and the loading curve of the inverse model ψ are skew
symmetry, following
ψ ◦ φ(r) = r (41)
Similar to the derivation of the inverse classical PI model, because the mGPI model and its
inverse share similar properties, the analytical inverse can be written as another mGPI model as,






where g0 is a positive constant, g(r) is the density functions, β is the envelop function, F
β
mr[v] is a
modified generalized play operator with threshold q and envelop function β.
Thus, the loading curve of the inverse mGPI model is
ψ(q) = g0β(q) +
∫ q
0
p(η)β(r − η)dη (43)
and its derivative
ψ′(q) = g0β′(q) +
∫ q
0
p(η)β′(q − η)dη (44)






β[v] = γ−1[v] (46)
Therefore, the inverse of the mGPI model can be written as,










The last thing remaining is the density function g(q). With (41), g(q) can be obtained as,
∫ q
0








4.3 Numerical Implementation of the Inverse of the modified Gener-
alized Prandtl-Ishlinskii (mGPI) Model
In practice, the hysteresis nonlinearities can approximately be described by a small number of
element hysteresis operators [32]. Therefore, the numerical expression of the mGPI model can be
written as















where N is the number of the modified generalized play operators, ri is the threshold r of the ith
operator, satisfying 0 = r0 < r1 < · · · < rN = R. and the proposed inverse mGPI model can be
written as,
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where N is the number of the modified generalized play operators, qi is the threshold q of the ith
operator, satisfying 0 = q0 < q1 < · · · < qN = Q.
Parameters required calculation in the inverse model are g0, β[v], qi, and g(qi).
Thus, the initial loading curve of the mGPI model and its inverse for r ∈ [rj , rj+1) and q ∈
[qj , qj+1) can be written as,

φ(rj) = p0γ(rj) +
∑j
i=1 p(ri)γ(rj − ri)
ψ(qj) = g0β(qj) +
∑j
i=1 g(qi)β(qj − qi)
(51)
The derivatives of the loading curves for r ∈ [rj , rj+1) and q ∈ [qj , qj+1) are as follows





















β[v] = γ−1[v] (55)
The results are the same as in the previous section. Because of (51), the threshold for each
operator in the inverse mGPI model is,
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qj = p0γ(rj) +
j∑
i=1

















′(qj − qi) + qjβ′(0)
(57)


















be numerical implement by following the above steps.
4.4 Summary
In this chapter, the concept of the initial loading curve is firstly introduced, which is essential
for the derivation of the inverse model. Subsequently, based on the property that the initial loading
curves of a model and its inverse model are skew symmetry ψ ◦ φ(r) = r. The analytical inverse of
the mGPI model is derived. The numerical implementation methods of the proposed inverse model





To validate the proposed mGPI hysteresis model and its inverse compensator, simulation studies
will be provided in this chapter. The effectiveness of this model and the compensator is demon-
strated through several simulation examples.
Figure 5.1: Inverse Controller Structure
Fig. 5.1 depicts a controller structure for the inverse-model-based control strategies to compen-
sate the hysteresis. The proposed inverse of the mGPI model will be used as the inverse compensator
H−1 in the strategy. With the use of the compensator it is expected that the signal to the plants w(t)
is the same as the signal from the traditional controller u(t), which implies the tradition developed
control methods can be directly applied.
In all the simulations in this chapter, the hysteresis nonlinearities will be described by the pro-
posed mGPI model in Section 3.4,
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where F γmr[v] is the proposed modified generalized play operator,

F γmr[v](0) = f
γ
mr(v(0), 0) = w(0)





fγmr(v, w) = max{γl(v − r),min{γr(v + r), w}} (61)
where p0 is a positive constant, F
γ
m0[v](t) denotes a modified generalized play operator F
γ
mr[v](t)
with r = 0, p(r) is the density function. The selection of the density function has no standard yet.
In this chapter, p0 = 1 and p(r) = e−0.1r are selected for all the models.
For the inverse feed-forward compensator, the inverse mGPI model proposed in Section 4.2 is
applied.






where g0 is a positive constant, g(r) is the density functions, β is the envelop function, F
β
mr[v] is a
modified generalized play operator with threshold q and envelop function β.
5.1 Simulation Environment
To validate the effectiveness of the proposed model and its inverse, simulation studies using the
inverse as the feed-forward compensator are provided. As shown in Fig. 5.2, a simulation platform
has been established. There is a source producing the control signal u(t). On the right side, the input
signal v(t) will be passed into the proposed mGPI model (model MGPI block), generating output
signal w(t) = Πm[v](t). In order to cancel the hysteresis nonlinearities, an inverse compensator
(model IMGPI block) is placed before the hysteresis block as an inverse feed-forward compensator,
which means v(t) = Π−1m [u](t), where Π−1m denotes the hysteresis inverse in (62). Thus, the output
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of the hysteresis model will be w(t) = Πm[v](t) = Πm ◦ Π−1m [u](t). Therefore, with a precise
inverse model of the hysteresis, the inverse model should compensate the hysteresis nonlinearities
effectively.
Figure 5.2: Simulation Block Diagram
In order to implement the proposed mGPI model and the inverse mGPI model, the numerical
implementation methods in Section 4.3 will be utilized. Thus, the discrete form of the mGPI model
can be represented as















where N is the number of the modified generalized play operators, ri is the threshold r of the ith
operator, satisfying 0 = r0 < r1 < · · · < rN = R.
In the implementation of the mGPI model. N is set as 20 in this simulation. It should be
noted that the accuracy of the hysteresis model description depends on the number of N . Generally,
it is unnecessary to chose a very large value. However, the selection of N should be comprised
with the required accuracy and computation complexity. ri = 0.5i is chosen to make the upper
limit of the integration of the mGPI model R = r20 = 10, which is large enough. p0 is set 1.
p(ri) = e
−0.1ri(ri− ri−1) = 0.5e−0.1ri is set as the weight of each operator. The envelop functions
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γ[v] will be adjusted to describe different kinds of hysteresis behaviors.
The discrete form of theproposed inverse mGPI model can be written as,















where N is the number of the modified generalized play operators, qi is the threshold q of the ith
operator, satisfying 0 = q0 < q1 < · · · < qN = Q.
In the simulation, the number of the operators in the inverse model N = 20. The other pa-
rameters, including g0, β[v], qi, and g(qi), will be calculated with the methods outlined in Section
4.3.
In this chapter, all the simulations are using the ode 45 solver with max step size ∆t = 0.01s,
under simulink of Matlab 7.6.0.
5.2 Simulation Results with Identity Function
In this section, the envelop functions are chosen the identity function γ[v](t) = v(t). With this
choice, as illustrated in Section 3.4, the proposed mGPI model will become the classical PI model.
Simulations in this section will verify that the mGPI model and the inverse model can work as the
classical PI model and its inverse compensator.
In this section, the input signals is chosen u(t) = 5sin(2pit)/(1 + 0.1t), t ∈ [0, 10]. The
thresholds of the 20 operators are chosen ri = 0.25i. According to the inverse numerical imple-
mentation in Section 4.3, the thresholds of the 20 operators in the inverse is qi={0.2500, 0.5610,
0.9314, 1.3598, 1.8447, 2.3848, 2.9787, 3.6251, 4.3226, 5.0700, 5.8661, 6.7097, 7.5996, 8.5347,
9.5138, 10.5358, 11.5997, 12.7045, 13.8492, 15.0327}. The Density of the 20 operators in the
inverse compensator is g(qi) ={-0.1960, -0.1290, -0.0914, -0.0681, -0.0526, -0.0419, -0.0342, -
0.0284, -0.0239, -0.0205, -0.0177, -0.0154, -0.0136, -0.0120, -0.0107, -0.0096, -0.0087, -0.0079,
-0.0072, -0.0066}.
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(a) Inverse Compensator (b) Hysteresis Model
(c) Input-Output Relations with Inverse Compensation
(d) w(t) tracking u(t)
Figure 5.3: Simulation Results with γ[v] = v, and u(t) = 5sin(2pit)/(1 + 0.1t)
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5.3 Simulation Results with Linear Function
In this section, the envelop functions are chosen the an linear function γ[v](t) = 3v(t). Thus, the
related functions for the inverse compensation are γ′[v](t) = 3, β[v](t) = γ−1[v](t) = 13 [v](t), and
β′[v](t) = 13 . Simulations in this section will verify that the mGPI model and the inverse model can
characterize and compensate such hysteresis.
In this section, the input signals is chosen u(t) = 5sin(2pit)/(1 + 0.1t), t ∈ [0, 10]. The
thresholds of the 20 operators are chosen ri = 0.25i. According to the inverse numerical imple-
mentation in Section 4.3, the thresholds of the 20 operators in the inverse is qi={0.7500, 1.6829,
2.7941, 4.0793, 5.5341, 7.1544, 8.9361, 10.8752, 12.9678, 15.2101, 17.5984, 20.1292, 22.7989,
25.6040, 28.5413, 31.6074, 34.7992, 38.1136, 41.5476, 45.0982}. The Density of the 20 opera-
tors in the inverse compensator is g(qi) ={-0.1960, -0.1290, -0.0914, -0.0681, -0.0526, -0.0419,
-0.0342, -0.0284, -0.0239, -0.0205, -0.0177, -0.0154, -0.0136, -0.0120, -0.0107, -0.0096, -0.0087,
-0.0079, -0.0072, -0.0066}. As illustrated in Fig. 5.4, with the new envelop functions, the inverse
compensator translate the control signal u(t) to signal v(t) with amplitude of around 1.2, the hys-
teresis subsequently restore the signal to w(t) with an amplitude of 5. The inverse compensator
successfully cancel the nonlinear effect caused by hysteresis.
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(a) Inverse Compensator (b) Hysteresis Model
(c) Input-Output Relations with Inverse Compensation
(d) w(t) tracking u(t)
Figure 5.4: Simulation Results with γ[v] = 3v, and u(t) = 5sin(2pit)/(1 + 0.1t)
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5.4 Simulation Results with Nonlinear Function
In this section, a nonlinear function γ[v](t) = tanh−1[0.5v] is chosen as the envelop func-
tions. Thus, related functions for the inverse compensation are γ′[v](t) = 1
2(1−0.25v2) , β[v](t) =
γ−1[v](t) = 2tanh[v], and β′[v](t) = 2− 2(tanh[v])2. Simulations in this section will verify that
the mGPI model and the inverse model can characterize and compensate such a hysteresis.
Figure 5.5: Graph of γ[v](t) = tanh−1[0.5v]
As shown in Fig. 5.5, the domain of definition of γ[v](t) = tanh−1[0.5v] is±2. In this section,
the input signals is chosen u(t) = 0.5sin(2pit)/(1 + 0.1t), t ∈ [0, 10]. The thresholds of the 20
operators are chosen ri = 0.025i. According to the inverse numerical implementation in Section
4.3, the thresholds of the 20 operators in the inverse is qi={0.0125, 0.0253, 0.0385, 0.0519, 0.0657,
0.0798, 0.0943, 0.1090, 0.1242, 0.1396, 0.1554, 0.1716, 0.1881, 0.2050, 0.2223, 0.2399, 0.2580,
0.2764, 0.2952, 0.3144}. The Density of the 20 operators in the inverse compensator is g(qi) ={-
0.0243, -0.0231, -0.0218, -0.0207, -0.0195, -0.0184, -0.0173, -0.0162, -0.0152}. As illustrated in
Fig. 5.6, with nonlinear envelop functions, the feed-forward compensator can still cancel most of
the hysteresis nonlinearities with limited operators.
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(a) Inverse Compensator (b) Hysteresis Model
(c) Input-Output Relations with Inverse Compensation
(d) w(t) tracking u(t)
Figure 5.6: Simulation Results with γ[v](t) = tanh−1[0.5v], and u(t) = 0.5sin(2pit)/(1 + 0.1t)
59
5.5 Summary
In this Chapter, the proposed modefied Generalized Prandtl-Ishlinskii (mGPI) model and its in-
verse compensator are simulated with different kinds of envelop functions. Illustrated by the sim-
ulation results, the proposed mPGI model can precisely describe the hysteresis nonlinearities. Ac-
cordingly, the proposed inverse model can effectively compensate the hysteresis. Both models are
validated in this Chapter.
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Chapter 6
Conclusions and Future Work
6.1 Conclusions
The thesis focuses on the development of a modified generalized Prandtl-Ishlinskii (mGPI) model
and its inverse feed-forward compensator. The hysteresis effects widely exhibit in smart material
actuators, which usually worsen the controller performances, leading to oscillations or even insta-
bilities. The thesis has comprehensibly conducted an overview of the available models and controler
design methods about the hysteresis nonlinearities in the literatures. Among the available models,
the Prandtl-Ishlinskii (PI) model, due to its significant analytical invertible property, has become
one of the most popular hysteresis models. However, it can only describe a kind of symmetric,
rate-independent, and non-saturated hysteresis, which restricts the use of the PI model.
Focusing on the PI model, the thesis proposes a modified Generalized PrandtlIshlinskii (mGPI)
model, which can describe the asymmetric and saturate hysteresis. Subsequently, its inverse was
derived, which can serve as feed-forward compensator. To verify the proposed mGPI model and
its inverse feed-forward compensator, the simulation results were provided. The main contributions
are summarized as follows,
• In Chapter 3, the restrictions of the PI model and the Generalized PrandtlIshlinskii (GPI)
model are discussed. Based on these models, a modified Generalized PrandtlIshlinskii (mGPI)
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model is proposed. The mGPI model can characterize a kind of asymmetric and saturated
hysteresis nonlinearities, while keeping analytical invertibility property.
• Compared with the classical PI model, the proposed mGPI model can describe a more general
class of hysteresis behaviors.
• In the generalized play operators in the GPI model, the threshold is no longer r, depending on
the envelop functions γ[v]. Thus, the orignal meaning of the threshold r will be lost. However,
in the proposed mGPI model, the threshold of the modified generalized play operators is still
r.
• In the proposed mGPI model, for the bounded envelop functions, such as γ[v] = tanh[v], the
modified generalized play operator can be bounded with the same limits. Thus, the proposed
mGPI model can describe the saturated hysteresis effectively. In the available GPI model,the
upper and lower bounds of each operator depend on the envelop functions.
• As illustrated in Section 3.5, in the GPI model, for some envelop functions γ[v] and threshold
r, the generalized play operator will stop working. While in the proposed mGPI model, the
operator works for any input.
• In Chapter 4, an analytical inverse of the proposed mGPI model is derived, which can be
used as a feed-forward compensator of the hysteresis nonlinearities. The numerical imple-
mentation methods are provided subsequently. Following these steps, the parameters of the
proposed inverse compensator can be calculated.
• In Chapter 5, simulation results are provided to validate the proposed inverse compensator.
An identity function, a linear function, and a nonlinear function are chosen, respectively, as
the envelop functions, to construct the mGPI model. The inverse compensator are constructed
accordingly. Illustrated by the simulation results, the proposed model can describe the hys-
teresis nonlinearities and the derived inverse compensator can effectively cancel the nonlinear
effects caused by the hysteresis.
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6.2 Future Work
The following are suggested future studies about controller development for systems with hys-
teresis.
• In this thesis, the mGPI model has been proposed. But it has only been analyzed theoretically.
As a future work, experimental tests will be conducted to implement the developed method
together with the controller to be developed.
• In Chapter 4, the calculation of the density function of the inverse compensator includes an
β′(0) = (γ−1)′(0) in the denominator, which means the inverse compensator can not work
with the envelop functions satisfying β′(0) = 0. For instance, when γ[v] = v3, β[v] = v1/3.
Thus β′[v] = 13v
−2/3, and β′(0) = 0. The proposed methods need some modification to work
on these envelop functions.
• In practice, the hysteresis of the smart material based actuators are always unknown, which
means in the mGPI model, the density function p(r) requires being estimated as pˆ(r). Thus,
there exist compensation errors, due to the hysteresis estimation error. In the thesis, the
estimation issue has not been addressed. In order to design a controller based on this inverse
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